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We investigate the metric perturbations of the restricted fðRÞ theory of gravity in the cosmological
context and explore the phenomenological implications of this model. We show that it is possible to
construct a restricted model of gravity, in which the background equations are the same as the equations of
motion which are derived from the Einstein-Hilbert action with the cosmological constant term. We argue
that the deviation from the Einstein-Hilbert model emerges in the perturbed equations, for which we have a
nonvanishing anisotropic stress. Further, with the help of the results of Planck data for the modified gravity,
we obtain constraints on the parameters of the model.
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I. INTRODUCTION
Observations of the cosmic microwave background from
Plank 2015 data show that there exists an inflationary phase
for the early Universe [1]. It has been argued that the
Starobinsky model [2], in which the Einstein-Hilbert (EH)
action for gravity is modified by adding the square of the
Ricci scalar in action, is in agreement with observations [1].
Also, various observational data show that the Universe
is currently in the accelerated expansion phase [3].
Although the late-time acceleration in the expansion of
the Universe can be explained by adding the cosmological
constant (CC) in the EH action, the CC term confronts us
with the CC problem [4].
Since cosmology of the early Universe can be explained
by modified gravity, it is natural to use the modified
gravities to explain the late-time cosmology and avoid
the CC problem. One way to construct modified gravity is
to use manifestly covariant modifications of the EH action.
For example, one of the candidates to produce the accel-















where M2P is the reduced Planck mass and η is a dimen-
sionless constant. This action is invariant under the full
four-dimensional diffeomorphism by construction.
On the other hand, the existence of cosmic micro-
wave background radiation shows that the Universe has
a preferred coordinate, which is described by the
Friedmann-Robertson-Walker (FRW) metric. Regarding
the last point, some phenomenological models have been
proposed in which the full four-dimensional diffeomor-
phism is broken [6,7].
Recently, a new model of restricted fðRÞ gravity has
been proposed in Ref. [8]. This proposal is based on the
idea of a mild breaking of the diffeomorphism invariance of
the four-dimensional fðRÞ gravity in very specific way.
Explicitly, we use well known 3þ 1 decomposition of the
scalar curvature [9,10], and we change the coefficient in
front of the derivative term which, in the standard general
relativity, is a total derivative and can be ignored. In the
case of fðRÞ gravity, the situation is completely different,
and this term has crucial role in the formulation of this
theory. In the case of the restricted fðRÞ gravity, the
modification of this term is even more crucial for the
theoretical consistency of the theory as we showed in our
previous paper [8] and as we review in Sec. II. On the other
hand, the existence of the new parameter that controls the
breaking of the full diffeomorphism invariance is crucial
for the phenomenological applications of this theory.
Explicitly, we also analyzed cosmological solutions of
the restricted fðRÞ gravity, and we found new solutions
of which the properties depend on the value of the
parameter ϒ. It is important to emphasize that some of
these solutions cannot be found in the diffeomorphism-
invariant fðRÞ gravity.
Due to the fact that there are new cosmological solutions,
it is natural to investigate them in more detail. The aim of
this paper is to focus on the analysis of the cosmological
fluctuations of the restricted fðRÞ gravity. For the first step,
we determine the background equations from the restricted
fðRÞ-gravity action when we focus on a time-dependent
ansatz. Then, we analyze the fluctuations above this
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tensor fluctuations decouple at the quadratic order,2 we can
analyze each kind of fluctuations separately. We show that
the restricted fðRÞ gravity differs from the standard fðRÞ
gravity in the scalar sector, while the vector and tensor
sectors have the same properties as in the case of diffeo-
morphism-invariant fðRÞ gravity. More precisely, we show
that with a suitable choice of parameters the restricted fðRÞ
gravity allows us to explain recent observation data that
predict the possibility of the existence of a nonzero
anisotropic stress (see for example Ref. [12]).
This paper is organized as follows. In Sec. II, we review
theoretical grounds of the restricted fðRÞ theory of gravity.
Then, in Sec. III, we briefly review the equations of motion
of the restricted fðRÞ gravity evaluated on the time-
dependent cosmological solution. In Sec. IV, we analyze
the fluctuations above this background, and in Sec. V, we
discuss our results with relation to the recent phenomeno-
logical observations and obtain some constraints on the
parameters in cases that the model can be solved analyti-
cally. Finally, in Sec. VI, we outline our results.
II. REVIEW OF RESTRICTED f ðRÞ
THEORY OF GRAVITY
In this section, we review basic facts about restricted
fðRÞ theory of gravity as was formulated in Ref. [8]. As we
argued in the Introduction, restricted fðRÞ gravity is based
on the 3þ 1 formulation of gravity. For that reason, we
introduce the 3þ 1 decomposition of the metric gμν [9,10],
g00 ¼ −N2 þ NihijNj; g0i ¼ Ni; gij ¼ hij;
g00 ¼ − 1
N2
; g0i ¼ N
i
N2




where we have defined hij as the inverse of the induced
metric hij on the Cauchy surface Σt at each time t,
hikhkj ¼ δji ; ð3Þ
and we denote Ni ¼ hijNj. The four-dimensional scalar
curvature in the 3þ 1 formalism has the form
















≡ KijGijklKkl þ ð3ÞRþ Ξ; ð4Þ
where the extrinsic curvature of the spatial hypersurface Σt








with Di being the covariant derivative determined by the
metric hij and where the de Witt metric is defined as
Gijkl ¼ 1
2













ðδmi δnj þ δni δmj Þ: ð8Þ
Further, nμ is the future-pointing unit normal vector to the
hypersurface Σt, which is written in terms of the Arnowitt-













In order to formulate the restricted fðRÞ gravity, we break
the full diffeomorphism invariance of the fðRÞ gravity by
performing the replacement
R → Rþ ðϒ − 1ÞΞ; ð10Þ
where ϒ is a dimensionless parameter that controls the
breaking of the diffeomorphism invariance of the action.
Even if the shift (10) seems to be very mild, it turns out that
it has a significant impact on the Hamiltonian structure of
this theory as was shown in Ref. [8]. Careful analysis
performed there showed that in order to have a consistent
theory from the Hamiltonian analysis point of view, it is
necessary to include terms which depend on the spatial
derivative of the lapse ai ¼ ∂iNN into the action. Further, the
breaking of the diffeomorphism invariance suggests the














In summary, we proposed in Ref. [8] the extended form
of the restricted fðRÞ gravity when we performed the
replacement
2For a review of cosmological fluctuations, see for example
Ref. [11].
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R → Rϒ ≡ Kij ~GijklKkl þ ð3ÞRþϒΞþ γ1aiai
þ γ2ð3ÞRijaiaj; ð12Þ
where γ1, γ2 are the corresponding coupling constants. We
showed there that this theory is consistent from the
Hamiltonian analysis point of view since the structure of
constraints is the same as in the case of nonprojectable fðRÞ
Hořava-Lifshitz gravity [15–17]; for the Hamiltonian
analysis, see Refs. [18–21] and also Refs. [22–27].
Explicitly, we showed that there is no Hamiltonian first
class constraint, but it is a second class constraint together
with momentum conjugate to lapse N. This Hamiltonian
constraint can be solved for N at least in principle,
which is fundamentally different from the case of full
diffeomorphism-invariant fðRÞ gravity where N can be
considered a free parameter. Then, due to the restricted
number of constraints, the number of physical degrees of
freedom is higher than in the case of fðRÞ gravity, and it is
equal to the number of degrees of freedom in nonproject-
able fðRÞHořava-Lifshitz gravity. We also showed that this
theory has two global first class constraints that reflect an
invariance of the theory under foliation preserving diffe-
morphism [14]. In summary, restricted fðRÞ gravity has a
very rich Hamiltonian structure and can be considered a
very nice model of theories with restricted diffeomorphism
invariance. Moreover, we also showed that it has also very
interesting cosmological solutions that we briefly review in
the next section.
III. BACKGROUND EQUATIONS
In this section, we derive the equations of motion for the
restricted fðRÞ gravity when we presume the FRW form of
the background. Recall that the restricted fðR=M2PÞ-gravity

















where Rϒ is defined in (12). The matter part contributes to
the gravitational equations of motion through the stress-






Our goal is to analyze the spatially homogeneous and
isotropic Universe so that the metric ansatz is the FRW
metric which has the form
ds2 ¼ −NðtÞ2dt2 þ aðtÞ2dxidxjδij; ð15Þ
where N ¼ NðtÞ is the lapse and a ¼ aðtÞ is the scale
factor. As usual, the Hubble parameter is defined as
H ≡ _a=a. Note that we cannot set NðtÞ ¼ 1 from the
beginning due to the restricted form of the diffeomorphism.
But, since for the background equations all quantities
depend only on time, one can use the redefinition of time
in (15) to set N ¼ 1 in the background equations. We also
presume matter in the form of a prefect fluid, which means




−ρðtÞ 0 0 0
0 pðtÞ 0 0
0 0 pðtÞ 0
0 0 0 pðtÞ
1
CCCA: ð16Þ
Since we presume that the full diffeomorphism is broken in
the gravitational sector only, we find that the matter action
is diffeomorphism invariant. As a result, the stress-energy
tensor is conserved in the sense∇μTμν ¼ 0 on the condition
that the matter satisfies the equation of motion. Now, for the







_aaδij; Γ00i ¼ 0;
Γi00 ¼ 0; Γij0 ¼ δijH; Γijk ¼ 0 ð17Þ
so that the conservation of the stress-energy tensor implies
the standard conservation equation
_ρþ 3Hðρþ pÞ ¼ 0: ð18Þ
Using (15) and the general relations in the ADM formalism,











The generalized Friedmann equation for the model has
been determined in Ref. [8] as












F≡M2P dfdRϒ ≡ f
0; A≡ 3λ − 1
2
: ð21Þ
Note that we have defined the prime as a derivative with
respect to the argument of f. As a result, F; f00;… are
dimensionless quantities. Finally, we note that there is still
another equation after performing the time derivative of
Eq. (20) and then use Eq. (19),
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After this brief review of the background equations, we
now switch to the main topic of this paper which is the
analysis of the cosmological perturbations.
IV. COSMOLOGICAL PERTURBATIONS
The goal of this section is to derive equations for the
perturbed FRW space-time in the ADM formalism.3 As a
check of the validity of our approach, we note that for ϒ ¼
1; λ ¼ 1; γ1 and γ2 ¼ 0 the results derived in this paper
should reduce to the corresponding results of the standard
fðR=M2PÞ gravity; see for example the review [5].
To begin with, we emphasize that we are writing our
equations in the Newtonian gauge which is defined by
Ni ¼ 0. We use the Newtonian gauge for the following
reason: As it has been argued in Ref. [11], one of the
advantages of the Newtonian gauge is that the physical
fields which are defined by the gauge fixing coincide with
the gauge-invariant variables. Note also that it is an easy
task to move from the Newtonian gauge to other gauges
[11]. Finally, note that, due to the fact that the spatial
section of the metric (15) is flat, it is natural to use the
Fourier decomposition of the perturbation where the





where x ¼ ðx1; x2; x3Þ;k ¼ ðk1; k2; k3Þ. Further, we also
decompose F and _F into the homogeneous and perturbed
parts as
F ¼ F̄ þ δF; _F ¼ _̄F þ _δF; ð24Þ
where − over any quantity shows the unperturbed part of
that quantity. In the case of the fluctuations of the matter,
we use the following parametrization for the perturbed
energy-momentum tensor
δT00 ¼ −δρ; δTi0 ¼ −ðρþ pÞ∂iv; δTji ¼ δpδji ;
ð25Þ
where v is the potential for the spatial velocity of the fluid.
A. Scalar metric perturbations
Before we proceed to the study of the perturbed
equations, it is instructive to discuss the role of diffeo-
morphism symmetry in the cosmological context.
For a full diffeomorphism-invariant model, as for exam-
ple the Einstein-Hilbert action or fðRÞ-gravity action, there
is no a priori preferred coordinate system. Of course, the
symmetry can be broken by imposing other restrictions on
the model. For example, in the cosmological context, it has
been shown that the only coordinate system (observer) that
is compatible with the assumption of homogeneity and
isotropy of space is described by the FRW metric [28].
The uniqueness of the FRW metric helps us to choose it as
the background metric for our model in this paper. But the
uniqueness of the metric is broken if we consider a universe
which is not homogeneous. The deviation from homo-
geneity is considered as the perturbed FRW metric. For
example, the scalar metric perturbations can be parame-
trized as [11]
ds2 ¼ −ð1þ 2YÞdt2 þ 2a∂iBdxidtþ a2½ð1þ 2ζÞδij
þ 2∂i∂jEdxidxj; ð26Þ
where Y ¼ Yðt;xÞ, B ¼ Bðt;xÞ, E ¼ Eðt;xÞ, ζ ¼ ζðt;xÞ
are 3-scalars.
It is an unnecessary and senseless task to insert the above
expression into general equations of motion in order to
obtain the equations of motion for these 3-scalars. The
reason for this statement is that, similar to the model with
the full diffeomorphism symmetry, here we confront with
the so-called gauge problem. The problem arises when we
note that the model is invariant under the coordinate
transformation as t → tþ PðtÞ, xi → xi þ ∂iKðt;xÞ, where
∂i ¼ δij∂j. Under this transformation, the components of
the metric (26) transform as [11]
Y → Yt ¼ Y − _PðtÞ;
B → Bt ¼ Bþ PðtÞ
a
− a _Kðt;xÞ;
E → Et ¼ E − Kðt;xÞ;
ζ → ζt ¼ ζ −HPðtÞ: ð27Þ
Therefore, even if we tried to obtain the equations for the
components of Eq. (26), we would have some solutions
which are unphysical in the sense that they can be derived
by the application of the transformation (27) on some
particular solutions. In order to avoid the above problem,
i.e. the gauge problem, one can choose a specific gauge
(coordinate) or use the gauge-invariant quantities. In the
process of the gauge fixing, values for PðtÞ and Kðt;xÞ are
explicitly specified such that we have not any residual
symmetry for the solution. Physically, gauge fixing means
that a specific spatial coordinate has been chosen.3For a review, see Ref. [10].
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In the following, we will work with the Newtonian
gauge. The Newtonian gauge is defined as the perturbed
metric for observers who are immobile at the hypersurfaces
of constant time. Also, the normal vector of the hyper-
surfaces is the same as the worldlines of the observers at
any time. Thus, the Newtonian gauge is described by [11]
ds2 ¼ −ð1þ 2YÞdt2 þ a2½ð1þ 2ζÞδijdxidxj: ð28Þ
The Newtonian gauge is the preferred gauge for the late-
time cosmology as was argued in Ref. [3]. Therefore, we
will use it to compare the results of our model with the
Plank observations. Finally, we should emphasize that it is
still possible to construct the gauge-invariant quantities
from the Newtonian gauge variables [11]. To proceed
further, we note that it is convenient to parametrize the
scalar metric perturbations in the Newtonian gauge as
N2 ¼ 1þ 2Y ≡ e2Φ;
hij ¼ a2ð1þ 2ζÞδij ≡ a2e−2Ψδij; ð29Þ
where Φ and Ψ are space and time dependent. Using these
definitions in (12), we easily find
Rϒjscalar ¼ 3Rþ 6ð3ϒ − AÞe−2ΦðH − _ΨÞ2












As a check, we note that for Φ ¼ Ψ ¼ 0 the above relation
reduces to the background form of Rϒ given in Eq. (21).
Now, by performing the linearization of the expression







Φ − 12ð3ϒ − AÞH2Φ
− 12ϒ _HΦ − 6ϒH _Φ − 6ϒΨ̈
− 12ð3ϒ − 1ÞH _Ψ; ð31Þ
where k2 ≡ kiki. Further, inserting (25) and (29) into
Eq. (18) and by performing the corresponding linearization,
we obtain two equations,
_δρþ 3Hðδρþ δpÞ ¼ k
2
a2
δqþ 3ðρþ pÞ _Ψ; ð32Þ
and
_δqþ 3Hδqþ δpþ ðρþ pÞΦ ¼ 0; ð33Þ
where δq≡ −ðρþ pÞv. Note that these equations have the
same forms as the corresponding equations for the usual
fðR=M2Þ gravity. In order to derive the remaining equa-
tions, we proceed in the following way. To begin with, we
insert (30) into the action. As we pointed out, we work in
the Newtonian gauge. Then, in order to vary the action with
respect to the shift, it is sufficient to consider the terms
which are proportional toNiΨ andNiΦ. For example, if we














d4xa3T0iδNi þOðN2i Þ: ð34Þ
Using this result and also using the relations
nμ ¼ ðe−Φ;−Nie−ΦÞ; Γiij ¼ −3∂jΨ ð35Þ









− ∂iΦNi _̄F− 3HNi∂iδF þ SMatter: ð36Þ
Further on, performing the variation with respect to Ni and
using the Fourier components of the perturbations, we
obtain





In the case of the variation of the action with respect to Φ,
we setNi ¼ 0 in the action and then expand the action up to
the second order in Φ and Ψ. This procedure, some


























− η _̄Fð12ϒHΦþ 6ϒ _ΨÞ þ 6ηϒH _δF − δΦSMatter

ð38Þ
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so that we easily find the Fourier form of the equation of motion for Φ,
η


















For reasons that will become clear later, we derive δp in two different ways. In the first case, we use (32) and (39). Then, in














ðA − 2ϒÞδF þ

_ΦH þ 2A _HΦþ AΨ̈þ 3AΦH2 þ 3AH _Ψþ k
2
3a2















where we also used the fact that _RϒδF ¼ δRϒ _̄F.
The second way to derive the relation for δp is to use Eqs. (33) and (37). We again use Eq. (22) in order to eliminate
(ρþ p) so that we obtain
δp
2M2P
¼ η½2 _Ψþ 2ð1þ AÞHΦþϒ _Φ _̄F − 2ηAH _δF þ 2ηϒΦ ̈F̄ − ηϒδ̈F þ η½ð3ϒ − 2AÞ _H þ ð9ϒ − 6AÞH2δF
þ ½ _ΦH þ 2 _HΦþ Ψ̈þ 3ΦH2 þ 3H _Ψð1þ 2ηF̄Þ: ð41Þ
The right-hand sides of Eqs. (40) and (41) are the same if
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ð2ϒ − AÞδF þ η







As is clear, the equations are simplified by taking λ ¼ 1,
which results in A ¼ 1. As a check, note that for
ϒ ¼ 1; λ ¼ 1 and γ1 ¼ 0 these equations match the corre-
sponding relations for the usual fðR=M2PÞ gravity.
B. Tensor metric perturbations
In this section, we focus on the metric tensor perturba-
tions γij. Recall that the perturbed line element has the form
ds2 ¼ −dt2 þ a2½δij þ γijdxidxj; ð43Þ
where ∂iγij ¼ γii ¼ 0. In order to derive equations in this
sector, we use the fact that
ffiffiffiffiffiffi−gp does not contain the metric
tensor perturbations up to the second order. Further, using
the traceless condition on γij, it is easy to show that the
metric perturbations do not appear in K. Thus, it turns out
that the terms in (12) which are proportional to ϒ and λ do
not contribute to the metric tensor perturbations. As a
result, the analysis of this sector is very similar to the
analysis of tensor fluctuations in standard fðRÞ gravity.






d4x½1þ 2ηF̄½aγij∂2γij þ a3 _γ2ij: ð44Þ
Then, in order to avoid the ghost instability, we must
impose the following condition:
1þ 2ηF̄ > 0: ð45Þ
Performing a variation of (44) with respect to γij and using
the Fourier representation









where ϵii ¼ kiϵij ¼ 0 and ϵsijðkÞϵs0ijðkÞ ¼ 2δss0 , leads to the










γsk ¼ 0; ð47Þ
which has the same form as in the standard fðRÞ gravity.
C. Vector metric perturbations
In this section, we perform an analysis of vector metric
perturbations. As in the case of the prefect fluid, we
consider the following form of the perturbed stress tensor
in the vector sector
δT0i jvector ¼ δqVi : ð48Þ
Then, from ∇μTμν ¼ 0, it follows that
_δqVi þ 3HδqVi ¼ 0: ð49Þ
As in the case of the metric perturbations, the favorite
gauge in this sector is the so-called vector gauge which is
defined by
ds2 ¼ −dt2 þ 2aSidxidtþ a2δijdxidxj; ð50Þ
where ∂iSi ¼ 0. Again, from the above definition and the
condition on Si, it turns out that the terms in (13) which are
proportional to ϒ do not contribute in this sector. Then, the









Then, it is easy to see that the equation for Si in the Fourier





which coincides with the equation for the vector perturba-
tion in the standard fðRÞ gravity.
V. SOME CONSTRAINTS ON THE PARAMETERS
In this section, we explore some constraints on the
parameters of the model. We will focus on cases for which
the model can be solved analytically. So, we can compare
our results with the Einstein-Hilbert model. In this section,
we take A ¼ 1 that corresponds to λ ¼ 1. Note that this is a
natural presumption, since it is expected that λ should
approach 1 in the low energy regime [13,14]. It is important
to emphasize that the Einstein-Hilbert gravity predicts
Φ ¼ Ψ. In the more general case when Φ ≠ Ψ, it is useful
to define an anisotropic stress, δΣ, as
Ψ −Φ ¼ 8πGa2δΣ: ð53Þ
Clearly, a nonvanishing anisotropic stress is the signature of





so that the Einstein-Hilbert gravity predicts γ ¼ 1. But from
the Planck cosmic microwave background (CMB) temper-
ature data, the current value for γ is reported as [3]
γ0 − 1 ¼ 0.70 0.94 ð55Þ
which is shown by yellow and gray colors in Fig. 1. On
the other hand, if we consider the weak lensing data, we
have [3]
γ0 − 1 ¼ 1.36þ1.0−0.69 ð56Þ
which is shown by the gray and blue colors in Fig. 1.









FIG. 1. Space of parameters (γ0 − 1, ϒ) for the model. The
yellow and gray regions show the values for γ0 − 1 from the
Planck CMB temperature data [3]. The gray and blue regions
show the values for γ0 − 1 from the combination of the Planck
CMB temperature data and the weak lensing [3]. The solid line
represents the prediction of the model in the de Sitter space for
γ1 ≪ 1.
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Let us now return to our model and consider the late-time
cosmology when we can neglect the radiation and the cold
dark matter. Explicitly, we consider two cases:
(i) Case I.—In this case, we presume that the cosmo-
logical constant Λ is nonzero while η ¼ 0.
The energy density of the cosmological constant




Note that this result is the same as in the case
of Einstein-Hilbert gravity with the cosmological
constant.
Since for the cosmological constant we have
δq ¼ δp ¼ δρ ¼ 0, from Eqs. (37) and (42), we
have
_ΨþHΦ ¼ 0; ð58aÞ


















H2Ψ ¼ 0 ð59Þ
that has the solution
Ψ ¼ C1e−Ht þ C2e−
2
γ1
Ht ðfor γ1 ≠ 2Þ; ð60Þ
Ψ ¼ C1e−Ht þ C2Hte−Ht ðfor γ1 ¼ 2Þ; ð61Þ
where C1 and C2 are arbitrary constants. It is clear
that in order to avoid instability we have to require















ðfor γ1 ≠ 2Þ
ð62Þ
and
γ − 1 ¼ C2
C1 − C2 þ C2Ht
ðfor γ1 ¼ 2Þ: ð63Þ
For the present Universe, we haveH0t0 ≈ 1, and it is
easy to see that we can choose the parameters in the
above equations to obtain a consistent result with the
reported data for γ0 − 1. Note also that the above
relations show that if we take t → ∞ we have




; if γ1 > 2: ð64Þ
To gain insight into the effect of the model in
structure formation, let us study the matter-
dominated era for which p ¼ δp ¼ 0. To obtain
an analytical solution and compare it with the
Einstein-Hilbert case, let us consider f ¼ 0 in our
formalism. Again, in this case, the background
equations are the same as the Einstein-Hilbert. So,
we have H ¼ 2
3t. From Eqs. (41) and (42), we have
δp
2M2P




























H _Φ ¼ 0:
ð67Þ
The above equation has power-low solutions as



















n ¼ 0: ð68Þ
For γ1 ¼ 0 the Eq. (68) has two solutions. The first
one is n ¼ 0 that corresponds to the static gravita-
tional potential. The second solution is n ¼ −5
3
that
corresponds to the decaying mode that can be
neglected in the study of the structure formation.
Finally for γ1 ≠ 0 the Eq. (68) has following
equations







Δ ¼ 16 − 40γ1 þ γ21: ð70Þ
Note that, compared with the Einstein-Hilbert case,
we have an additional solution for Φ, which is the
consequence of the model. The condition for Δ > 0
can be obtained by
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As is clear, in both cases, we have n < 0, and
we can neglect them in the study of structure
formation.
(ii) Case II.—In the second case, we neglect the
cosmological constant, but η ≠ 0 so that we have
only two independent equations which determine Φ
and Ψ. One of these equations is obtained by
multiplying Eq. (37) with 3H and then using the
corresponding result to eliminate some terms in
Eq. (39). This procedure gives the following


















Further, Eq. (42) takes the following form for
A ¼ 1:











¼ 2ηð2ϒ − 1ÞδF þ ηγ1
H
Φ _̄F: ð73Þ
In the de Sitter space, which is a very good
approximation for the late-time cosmology, Eqs. (72)
and (73) simplify considerably:
½2Ψ − γ1Φð1þ 2ηF̄Þ ¼ 2ηϒδF ð74Þ
and











¼ 2ηð2ϒ − 1ÞδF: ð75Þ









Φ − 2ðϒþ γ1Þ
×Φ

































Finally, when we insert (76) and (77) into Eq. (74) or
Eq. (75), we obtain the equations for the remaining
variables that can be easily solved. Equations (76)
are interesting results since they give a relation
between the parameters of the model and observa-
tion. If we take the γ1 ≪ 1 limit, it follows that
ð3ϒ − 2ÞΨ ≈ −ϒΦ




















Note that, except for ϒ ¼ 2=3, in this limit (i.e.
γ1 ≪ 1), the above relations do not depend on the
form and dynamics of f in the action (13). As shown
in Fig. 1, for γ1 ≪ 1, one can choose ϒ to reconcile
the model with the current observations.
VI. CONCLUSION
This short paper is devoted to the analysis of the
cosmological fluctuations of the restricted fðRÞ theory
of gravity. We determined the background equations of
motion and then carefully analyzed the fluctuations above
this background solution. We show that the vector and
tensor fluctuations have the same dynamics as in the case of
the standard fðRÞ gravity, while the scalar sector possesses
new interesting possibilities which depend on the values of
coupling constants. In more details, we show that it is
possible to choose the values of these parameters so that the
predictions of the restricted fðRÞ gravity are in agreement
with recent observation data. In fact, we showed previously
in Ref. [8] that the cosmological solutions found in the
restricted fðRÞ gravity are in agreement with observation,
and our current analysis of fluctuations confirms this fact as
well. This is by itself an interesting result that suggests that
it is indeed plausible to consider theories with the restricted
diffeomorphism invariance as interesting alternatives to the
fully diffeomorphism-invariant theories of gravity.
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